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Introduction
A very common problem in applications of item response theory is the presence of nonresponses. Omitted responses are often treated by practitioners as not administered -e.g. when
the amount of missing data is small- but this method is adequate only if data are missing at
random. Recently a new approach to overcome this problem has been developed by several
authors ([1], [2]); the main idea is to incorporate the non-response mechanism into the
analysis, under the assumption of a bidimensional latent trait; the first dimension of the latent
trait represents a general person’s tendency to respond (response propensity), while the
second dimension represents the usual person’s attitude, or “ability”. In this study, we shall
refer to the case of dichotomously scored data. Let consider the following “codes” -as
characters that are to be regarded as valid data for the dataset: A, representing a non-response
(as a missing value code)), B if the subject responds negatively to the item and C if the
subject responds positively to the item. It is worth noting that A, B and C are related in a
hierarchical manner. The probability of giving a response will depend on person’s position on
both the first and the second dimension of the latent trait, respectively represented by θ1 and

θ 2 . Finally, to combine these two dimensions in the analysis it may be assumed that θ1 and
θ 2 have a common distribution –e.g. a bivariate normal with mean μ and covariance matrix
Σ . More specifically, [2] introduced and studied the model PA ∝ 1 + exp(θ 2 − δ 2 ) , PB ∝
exp(θ1 − δ1 ) , PC ∝ exp(θ1 + θ 2 − δ1 − δ 2 ) , that is equivalent to the continuation-ratio logits
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model: log ( ( PB + PC ) PA ) = θ1 − δ1 ; log ( PC PB ) = θ 2 − δ 2 . The major drawback of this

approach is that it yields a non-Rasch model.

Modelling missingness with a Rasch-type model
We propose a new model (or class of models) that we will call Rasch-Rasch model (RRM),
by adopting –instead of the above mentioned- the following adjacent-categories logits
approach: (i) log ( PB PA ) = a ′θ −δ1 , (ii) log ( PC PB ) = ( b′ − a ′ ) θ −δ 2 , where a and b are know
vectors of constants, and θ ′ = (θ1 , θ 2 ) . Indeed, both the steps A-B and B-C are modeled by a
multidimensional Rasch model and, more importantly, the obtained whole model belongs to
the family of Rasch models. This means that RRM is a member of the exponential family of
distributions. Moreover, the RRM can be viewed as a special case of the most general
structure of multidimensional Rasch models: the Multidimensional Random Coefficients
Multinomial Logit Model (MRCMLM, [3]). In a more special way, the RRM can be seen as
an instance of multidimensional within-item model [4], where the within-item
multidimensionality is specified by the fact that -for every item- the different response
“levels” (A, B and C) require different linear combinations of the latent traits θ1 and θ 2
(note: not merely different latent traits). In order to properly interpret θ 2 as the sole
dimension of “ability”, one should take a1 = b1 and a2 < b2 . By reasons of symmetry, among
several possible choices of the constants a and b, the most effective –avoiding possible effects
of structural spurious correlation between the components of the latent trait- is the following:
a ′ = (1, −1) and b′ = (1,1) . Then, in a more explicit form, the proposed model is

PA ∝ 1 ; PB ∝ exp(θ1 − θ 2 − δ1 ) ; PC ∝ exp(θ1 + θ 2 − δ1 − δ 2 ) .

(1)

Now, let yvi = ( yvi 0 , yvi1 , yvi 2 ) be a selection vector, with values (1,0,0), (0,1,0) and (0,0,1),
respectively, for A, B and C, with reference to respondent v and item i. By considering the
RRM in its form (1), the sum yv i1 + yv i 2 (i.e. the total number of responses of person v) is a
sufficient statistic for parameter θ1 , and the difference yv i 2 − yv i1 is a sufficient statistic for
parameter θ 2 . Then, θ1 may be interpreted as the person’s response propensity and θ 2 as the
person’s ability. Analogously, for item parameters: δ1 (for which yii1 + yii 2 is a sufficient
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statistic) represents the item’s tendency to provoke reluctance to respond, while δ 2 (for which

yii 2 is a sufficient statistic) represents the usual item’s difficulty.

Estimation of the model
As for all the other Rasch-type models, for RRM both conditional and Marginal Maximum
Likelihood (MML) approaches to the estimation of item parameters are feasible. In this study
we shall consider the latter, by assuming that the latent trait is distributed as a bivariate
normal with a mean μ that is set at 0 -as a constraint for identification- and a covariance
matrix Σ . The coefficient of correlation ρ can be used to measure the extent to which ability
and response propensity are related. The most extreme case of ρ = 1 leads to the Partial
Credit Model (PCM); now, since the RRM is hierarchically related to the unidimensional
parameterization, the change in deviance value may be used to compare statistically the fit of
these two models. The software package Conquest ([4]; Conquest is implemented with MML
estimation) can be used to calibrate the parameters of the RRM. For a test containing k
dichotomous items, the software produce estimates for a total of 2k + 3 parameters: 2k item
parameters and 3 elements for the covariance matrix.

Statistical simulation
Data patterns of dimension 250 × 12 (i.e. nearly the same as that of the dataset used as a case
study in this paper) were randomly generated from the model proposed by [2], for the
following 11 equidistant values of ρ : −1 , −0.8 , −0.6 ,…, 0.6 , 0.8 ,1. In detail, for each value
of ρ , 100 matrices were randomly generated and a RRM was fitted; for each replication, the
MML-estimated correlation coefficient ρ RRM was registered and then the average ρ RRM over
the 100 replications was computed. The following sequence of values for ρ RRM illustrates the
simulation results: −.903 , −.761 , −.595 , −.383 , −.211 , −.011 , .185 , .396 , .594 , .767 , .921 . In
spite of the small sample, Conquest provides a satisfactory correlation parameter recovery
under the RRM in its form (1).

Illustration with real data
The Voluntary Counseling and Testing Efficacy Study was a randomized clinical trial
conducted to test the efficacy of voluntary HIV-1 counseling and testing in reducing sexual
risk behaviour [5]. A selection of 12 dichotomously scored items –concerning opinions about
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condom use- from this dataset were considered for this application. Due to the negative
wording of six out of the 12 items, the scores (disagree=0, agree=1) have been reversed for
these questions (see Table 1). A total of 258 male subjects were considered – in such a way
that the obtained dataset presented at least 1 missing for each row and each column. The total
amount of missing data was about 20%. A short description of the content of the 12 items of
the calibrated test, together with the estimates of the item parameters of the RRM and their
standard errors are given in Table 1. The estimated correlation between dimensions was

ρ RRM = 0.338. This indicates –as expected- that the amount of missing responses went down
with the increment of the level of agreement. The difference between the deviances of RRM
and the PCM was also tested, using a chi-square test. The PCM fitted the data significantly
less well than the RRM: the difference in deviance (38.48) was highly significant when
compared to a chi square distribution with 2 (2=27-25) degrees of freedom.

Table 1: The items in the calibrated test Attitudes towards condom. The number of responsents in
the categories A, B and C are given. The difficulty parameters are given along with their standard errors
in parentheses.
Item wording (abbreviated)
I1
I2
I3
I4
I5
I6
I7
I8
I9
I10
I11
I12

using condoms good protection from stds
sex not as good when you use a condom
embarrassing to buy condoms
using condoms good pregnancy prevention
embarrassing put on condom/ or on a man
frnds think use condoms incldng w/spouse
condoms often break or slip
if sex partner wants condom I suspect
friends use condoms w/new partner
friends think that condoms uncomfortable
friends thnk alwys use condom new person
most people your age using condoms now

reverse
scoring
yes
yes
yes
yes
yes
yes

A

B

C

δ1

δ2

1
66
6
10
20
45
103
17
118
79
69
77

25
117
77
31
63
115
81
129
47
131
48
64

232
75
175
217
175
98
74
112
93
48
141
117

‐3.421 (1.00)
‐0.660 (0.15)
‐2.757 (0.42)
‐1.305 (0.33)
‐1.307 (0.24)
‐1.064 (0.17)
0.229 (0.13)
‐2.218 (0.26)
0.951 (0.13)
‐0.577 (0.14)
0.314 (0.15)
0.141 (0.14)

‐2.452 (0.21)
0.539 (0.14)
‐0.912 (0.14)
‐2.136 (0.18)
‐1.119 (0.14)
0.215 (0.14)
0.170 (0.15)
0.177 (0.13)
‐0.653 (0.14)
1.151 (0.17)
‐1.125 (0.13)
‐0.603 (0.13)
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